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THE BOCHNER-TYPE FORMULA AND THE FIRST EIGENVALUE OF 
THE SUB-LAPLACIAN ON A CONTACT RIEMANNIAN MANIFOLD 

FEIFAN WU AND WEI WANG 


Abstract. Contact Riemannian manifolds, with not necessarily integrable complex structures, 
are the generalization of pseudohermitian manifolds in CR geometry. The Tanaka-Webster- 
Tanno connection on such a manifold plays the role of Tanaka-Webster connection in the pseu¬ 
dohermitian case. We prove the contact Riemannian version of the pseudohermitian Bochner- 
type formula, and generalize the CR Lichnerowicz theorem about the sharp lower bound for the 
first nonzero eigenvalue of the sub-Laplacian to the contact Riemannnian case. 


1. Introduction 

Lichnerowicz [20] obtained a sharp lower bound for the first eigenvalue of the Laplacian- 
Beltrami operator on a compact Riemannian manifold with a lower Ricci bound, and Obata 
[22] characterized the case of equality. On a pseudohermitian manifold, the sub-Laplacian is the 
counterpart of the Laplacian-Beltrami operator. The CR analogue of the Lichnerowicz theorem 
states that for a (2n + l)-dinrensional pseudohermitian manifold, n > 3, satisfying 

_ ri -U 1 _ 

Ric(X, X ) + —-—Tor (A, X)>nh(X, X), (1.1) 

the first nonzero eigenvalue of the sub-Laplacian is greater than or equal to nn/(n + 1). This 
result was first proved by Greenleaf [13]. But due to a mistake in calculation pointed out in |6] 
and [12], the coefficient in m was mistaken to be The corresponding results for n = 2 
and n = 1 were obtained later in [183 an d [5], respectively. The CR Obata-type theorem was 
conjectured in [6], which states that if nn/{n + 1) is an eigenvalue of the sub-Laplacian on a 
pseudohermitian manifold, then it is the standard CR structure on the unit sphere in C n+1 . This 
is proved under some additional conditions (cf. [G], [7], [16| and references therein) and without 
conditions in m There is also a quaternionic contact version of Lichnerowicz theorem m (see 
e.g. [3], [15] and [29] for the quaternionic contact manifolds). In this paper, we generalize the 
CR Lichnerowiecz theorem to the contact Riemannian case. 

A (2n + l)-dimensional manifold M is called a contact manifold if it has a real 1-form 9, called 
a contact form , such that 9f\d9 n 0 everywhere on M. There exists a unique vector field T, 
the Reeb vector field , such that 9{T) = 1 and TjdO = 0. It is well known that given a contact 
manifold (M, 9), there are a Riemannian metric h and a (1, l)-tensor field J on M such that 

h(X,T) = 9(X ), 

J 2 = -Id + 9 <g> T, (1.2) 

d9(X, Y) = h(X, JY ), 
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for any vector fields X and Y (cf. p. 278 in [1]). We call J an almost complex structure. Once 
h is fixed, J is uniquely determined. () is called a contact Riemannian manifold. 

Let TM be the tangent bundle and C TM be its complexification. Denote HM := Ker{6), 
the horizontal subbundle. C HM has a unique subbundle T^'^M such that JX = iX for any 
X € T(T^°>M). Here and in the following, r(S') denotes the space of all sections of a vector 
bundle S. Set T^M = TO^M. For any X G T(T^M), we have JX = —iX. J is called 
integrable if [r(T^ 1,0 ^M), r(T* 1,0 ^ M )] cr(r^ 1,0 ^M). In particular if J is integrable, J is called a 
CR structure and (M, 9 , h, J ) is called a pseudohermitian manifold. On a contact Riemannian 
manifold there exists a distinguished connection introduced in [28j . called the Tanaka-Webster- 
Tanno connection (or TWT connection briefly). In the pseudohermitian case, this connection is 
exactly the Tanaka-Webster connection. The Tanno tensor is defined as Q = \7 J. J is integrable 
if and only if the Tanno tensor Q = 0 (cf. Proposition 2.1 in |2Sj). We can also define the sub- 
Laplacian operator A&. Since there is no obstruction to the existence of the almost complex 
structure J, contact Riemannian structures exist naturally on any contact manifold and analysis 
on it has potential applications to the geometry of contact manifolds (cf. [2], [23] and [25J and 
references therein). 

Since the Tanno tensor Q is a (l,2)-tensor, Qx := Q(X,-) and VQ(X,X) are (l,l)-tensors. 
Define invariants of contact Riemannian structures: 

Qi(X,X) = -2Re(Ltrace{T—>VyQ(A,A)}), 

Q 2 (X,X) = (Q x ,Qx), (1.3) 

Q 3 (X,X) = trace{F — >Q x oQx(Y)j, 

where (•, ■) is the inner product on (1, l)-tensor induced by h, and 

Tor(X, X) = 2 Re(ih(nX,X)), (1.4) 

for any X £ where r* is the Webster torsion defined as r*(X) = t(T,X ), X € TM. 

Let V« be the gradient of u with respect to the metric h, i.e., h(Vu, X) = Xu for any 
X G T(TM). Set Vhu = vr^V m, where tth is the orthogonal projection to HM. And d^u is the 
orthogonal projection of V hu to TW 0 >M. Our main result is as follows. 


Theorem 1.1. On a (2 n + 1)-dimensional contact Riemannian manifold, n > 2, we have the 
contact Riemannian Bochner-type formula 


A&(||<9&u|| 2 ) = 2||V 2 u|| 2 — 4V 2 u(T, JXhu) — 2 nTor{dbU , dbU ) + 2 RicidbU, dbU 


+ h(x H u,X H (Xbu)j + Qi(d b u,d b u) - ^ Q 2 (d b u,d b u ), 




(1.5) 


for any u£Cfi°(M). 


Theorem 1.2. Suppose that on a compact (2n + 1 )-dimensional contact Riemannian manifold, 
n >2, there exists some positive constant k such that 


_ 1 977 j- 7 3 

Ric(X, X)-(n+l)Tor(X,X)+-Qi (A, X)- ^ Q 2 (A, A) + -- - 

2 8 (n — 1) 2 {n — 1) 


Q 3 (X,X)>nh( A, A), 
( 1 . 6 ) 
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for any X £ where Ric is the Ricci tensor. Then the first nonzero eigenvalue Ai of 

satisfies 

. nn 

Ai > — — • 
n + 1 

Note that the coefficients of Tor in (11.51) and m are different from that m by a factor 
—2 (cf. [TO] and [T9]) . This is because that in our definition (11.21) . dd(X,Y) = h(X,JY ), 
while in psuedohermitian case, people usually use d9(X , Y) = 2 h(JX,Y) = —2 h(X, JY). When 
Q = 0, Theorem 11.11 and 11.21 coincide with the CR Bochner-type formula and CR Lichnerowiecz 
theorem, respectively (see e.g. m, ina, im na, m)- It is quite interesting to characterize the 
equality case of (11.61) . 

In Section 2, we introduce some basic preliminaries, including the TWT connection, the 
torsion tensor, the curvature tensor and the Tanno tensor. If we choose an orthonormal T^ 1,0 'M 
frame, there are some simpler relations for the connection coefficients, the Tanno tensor and the 
structure equations, which will make our calculation easier. 

When given an orthonormal T^’^M frame, we have T]^ = — f Cfi( n ■ which vanish in the 


' /3a’ 


pseudohermitian case. But in the general case, it may not always vanish. Therefore there 
exists extra terms involving such connection coefficients in our formulae, e.g. the Bochner-type 
formula and various integral identities, which will make our calculation more complicated than 
the pseudohermitian case. The main difficulties of generalizing results to the contact Riemannian 
case come from handling such extra terms. 

In section 3, we introduce the second- and third-order covariant derivatives and their com¬ 
mutation formulae with respect to an orthonormal T^ 1,0 >M frame. In Section 4, we prove the 
Bochner-type formula on a contact Riemannian manifold. This formula differs from the pseudo¬ 
hermitian case by terms involving the Tanno tensor. And it coincides with the CR Bochner-type 
formula (cf. e.g. Proposition 9.5 in [10] or Theorem 6 in [T9]) when the almost complex structure 
J is integrable. Similarly to pseudohermitian case, the term V 2 n(T, JV//u) in the Bochner-type 
formula can be controlled by using two integral identities. But here, in one identity, we have 
to use another identity to handle extra terms depending on the Tanno tensor Q. It is done in 
Section 5. In Section 6, with the preparation above, we prove the main Theorem 11.21 


2. Connection coefficients, torsions and curvatures on contact Riemannian 

MANIFOLDS 

2.1. TWT connection, the Tanno tensor and the orthonormal T^’^M frame. 

Proposition 2.1. (cf. ( 1 )-( 10 ) in [4]) On a contact Riemannian manifold (M, 9,h, J), there 
exists a unique linear connection such that 

V<9 = 0, VT = 0, 

Vh = 0, 

r(X, Y) = 2 dQ{X, Y)T , X, Y £ T(HM ), 
t(T, JZ ) = — Jr(T, Z), Z £ T(TM), 
where t is the torsion ofX. 

V is called the TWT connection. The Tanno tensor Q (cf. (10) in [10] ) is defined as 

Q(X, Y) := (Vy J)X, f or X, Y £ T(TM). 


( 2 . 1 ) 


( 2 . 2 ) 
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We extend h, J and V to the complexified tangent bundle by C-linear extension: 

h(X 1 + iY\,X 2 + iY 2 ) := h(X 1 ,X 2 ) - h{Y u Y 2 ) + i{h(X u Y 2 ) + h(X 2 , Yi)), 
J{X i + iY x ) := JX i + iJY], 

V(Ay+iyi)(^2 + iY 2 ) := X x-^X-2 - Xy 1 Y 2 + i(X xfY 2 + Vy 1 X 2 ). 
for any Zj = Xj + iYj £ CTM, j = 1,2. 


Proposition 2.2. Let Wo := T, the Reeb vector. We can choose a local T^ 1,0 ) M-frame {Wj} = 
{W a ,W 0 } = {W a ,Wa,T} with W a £ T^M, Wa = W^eT^M on a neighborhood U such 
that 


h a p — dap] h a p — d a p — 8 a p] h a p — 0. 
We call this frame an orthonormal T^ 1,0 ) M-frame. 


Proof. Note that (11.211 leads to 

JT = 0, 9UX) = 0, 

(2 3 ) 

h{X, Y) = h{JX, JY) + 0{X)0(Y), d9(X, JY) = -dO(JX, Y), ' 

for any X, Y £ TM (cf. p. 351 in [2S]). Choose a vector field X\ in T(HM) such that 
h(X i,Xi) = | and let X n+1 := JX 1 . Then h(Xi,X n+1 ) = h{X 1 ,JX 1 ) = d9(Xi,X x ) = 0, i.e. 
X n+ i is automatically orthogonal to X x , and by third identity in (12.31) . we get h(X n+ i, X n+x ) = 
h(JX\, JXi) = h{X i,Xi) = t;. We choose X 2 orthogonal to span{X\, JX\}, and define 
X n+2 := JX 2 . Repeating the procedure, we find a local orthogonal basis X\,--- ,X 2n with 
h{X a ,X b ) = i 5 a h and JX a = X a+n . Now define 

W a := X Q - iX a+n , Wa := W*. (2.4) 

It is direct to see that JW a = iW a and JWa = —iWa- Namely, W a £ T( 1,0 )j\/f and Wa £ 
T ( °Ym. Then by Remark ^. ll for the complex extension we get h(W Q , Wp) = h(X a —iX a + n , Xp — 
iXp +n ) = 0, h^p = 0 and h(W a , Wp) = 6 a p , h^p = d^p = S a p. □ 

Remark 2.1. (1) For the multi-index, we adopt the following index conventions in this paper. 

^ {I; " a,b, C, d, e, ‘ ‘ ‘ £ {1,2,*** ,2 Tl}, 

j, k,l,r,s,--- £ {0,1, • • • , 2n}, a = a + n. 

(2) In this paper, the Einstein summation convention will be used. Moreover, if indices a 
and a both appear in low (or upper) indices, then the index a will be taken summation, e.g. 
had — Xy had- 

a 

From now on, we choose a local orthonormal Tl 1,0 ^M-frame {Wj}. In particular, by (11.21) . 
h(T, W a ) = h(W a ,T) = 0{W a ) = 0 and h(T, T) = 9(T) = 1. We denote h ab = h(W a ,W b ) and 
use h ab and its inverse matrix to lower and raise indices. Let {9 13 ,9@ ,9} denote the dual coframe 
to {W a ,Wa,T}, i.e, 00 (W a ) = da, 9h(Wa) = 9?(T) = 0, 9? := 00, and 0(W a ) = 0{W S ) = 0, 
9(T) = 1. Set 9° := 9. The connection 1-form with respect to {Wj} is given by XWj = pPPWk, 
and set wj := Y%0\ i.e. X Wi Wj = TpV k . By ([21]), we get 0(XX) = h(VX,T ) = d(h(X,T )) - 
h(X, XT) = 0 for any X £ TM, namely pL = 0. And VT = 0 implies Y{ a = 0. 

By the dual argument, we have 

v Wi 0 k = -r %9T 
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And for any (r, s)-tensor ip with components ip kl "' kr . 
variant derivatives of *p are given by 


r 


<p 


k\ ■ ■ ■fcj’ 


3i-3s,i 


= Wi{p 


ki—k r \ | \ ' -pkt .Jti—l—k, 

+ Z > il V 


31 ■■■3s 


3l-3s 


t= 1 


p(e k \--- ,e k r,w h ,--- ,Wj j, co- 

«•*> 

t=i 


Denote the components of the almost complex structure J by J l 3 . We write Q(Wj, W k ) = 


(Vw k J)Wj = Q l jk Wi . Equivalently, Q l jk := J l jk - Applying (12.51) . we have 

Q l jk = W k J l j + T{ s J s j -T s kj J l s , 

Q l jk, s = w s Q l jk - r ZjQU - KkQ l jr + r l sr Q r jk - 

Proposition 2.3. (cf. (16)-(18) in With respect to a local -frame {Wj}, the compo¬ 
nents of tensor Q has the following property: 


( 2 . 6 ) 


= r ^ = °> = = ?lh = -\Qh 

C- = o, r^ = o, r^ 0 = o, r2 0 = o r^ = o, rg^o, (2-7) 

Q k 0j = 0, Qt o = o, q% = 0. 

In particular, only the components Q^ a of tensor Q are non-vanishing. In (12.71) . Qqj = 0 
follows from Q k 0j W k = Q(T,Wj) = (V Wj J)T = V Wj (JT ) - JV Wj T = 0 by (EH and EH for 
any Wj. And Q k 0 = 0 follows from setting X = Wi, Y = T, Z = Wi in identity (cf. (15) in jl]): 

2 h{Q(X,Y), Z ) = h(N^{X, Z) - 9{X)N^(T, Z ) + 9{Z)N^\X,T), JY ), (2.8) 


for any X , Y, Z £ TM, where 

N (1) = [J, J] + 2 (d9) ® T, [J, J](X, Y) = J 2 [X, Y] + [JX, JY] - J[JX, Y] - J[X, JY ], 
to get Q k 0 h k i = 0 by JT = 0 in (12.31) . For QJ = 0, since we already have Q ( - () = Qqj = 0, 
it remains to prove Q® b = 0. This follows from Q° ab = 9^Q(W a ,Wb) \ = 6 ^(Vw 6 J)W 0 ^ = 

h(T,(y Wb J)W a ) = h(T,V Wb (JW a ))-h(T,JV Wb W a ) = e[x Wb {JW a )^j - 9(JX Wb W a ) = 0 by 
W a , W b being horizontal. 

Remark 2.2. In pseudohermitian case, = 0 by the Tanaka-Webster connection preserving 
T^M. But in general case, T^ = —\Q^ a may not vanish. 

Recall that only the components Q^ a of tensor Q are non-vanishing. So by definition (11.31) . 
with respect to a local orthonormal T( 1,0 )-frame {Wj}, we have 


Qi(X,X) = -2Re(i-trace{Wj-^V Wj Q(X,X)}j = -2 Re(iQ j apj X a X^j 

= -2Re(iQl M X«X^ =i(Ql-^XXX? - Q^X'X^, 

Q 2 {X,X) = h ij h kl Qi xk Q j p l X a xP = h x - p h^Q^Q x 0fi X a X^ = Q^Q p $ _X a X^ 
Q 3 (X,X) = trace { Wj — >Qw a °Qw p ( Wj)X a X^ } 

= trace{lT ) ^Q^Quv(W)A“A' 5 } = Q j ai Q%X a X? = Ql p Q p -^X a x\ 
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for any X = X a W a € T( 1,0 )m. According to (12.61) and T 7 ^ = o in (12.71) , we get the components 

Qlfj, = WtQle ~ ~ r hQZe + = w nQL - r£,<& - + r %Q%, (2.10) 

of tensor VQ. 

Proposition 2.4. With respect to a local orthonormal XI -frame { W 3 }, we have 

r 7 = —r p - 

a/3 ^ a-yi 

ffia 

lip 


■»7 _ _p/5 p7 _p/3 

- 1 - 1 ctT’ 


qL = - 


n 7 = nP — r>P 

^07 


a/5 ■‘• 0 : 7 ’ 

i7 _ not 


OL'f J 

7«’ ^a/3,p = —QlPiP' 

ct'y ^7 a’ 


( 2 . 11 ) 


and their conjugation. 

Proof. By (12.71) and Proposition 12.21 we have 

r Z/3 = r Vp7 = h(Xw a Wg, w 7 ) = w a (h M ) - h(Wp, V Wa Wi) = -hpp.r~w = -r i r 

Tip = — r£y follows similarly. Then we get = 2iT 7 ^ = — 2iT^ 7 = —Q^ a by (12.71) . The 
fourth identity in (12.111) follows from this identity. 

For the last identity in (12.111) . setting X = W a , Y = Wg. Z = W 7 in (12.81) . we get 


2 h(Q(W a ,W p ),Wj = h([J,J](W a ,Wj,JWp) 

= ih(J 2 [W a , W 7 ] + [ JW a , JW 7 ] - J[JW a , W 7 ] - J[W a , JW 7 ], Wg) 

= -2ih([W a , W 7 ], ip) + 2h(J[W a , W 7 ], ip) = W 7 ], W». 

By the definition of the torsion tensor and (12.71) . the (Zd 0 ’ 1 ) M -components of [W a ,W 7 ] is given 
by 


[Wa, w 7 ] = V Wct w 7 - V w JW a - r(W a , W 7 ) = T^Wp - Yf f0 W- p 

= -\Q P 1 aW- p + l -Qi 1 W- p mod W p , T. (2.12) 

Therefore, we get 

2 Q%h lp = 2 h(Q(W a ,Wg), W 7 ) = -4 ih([W a , W 7 ], Wg) = -2 Q p ia hg- P + 2 Q%hg- p . 

The last identity of (12.111) holds. □ 


2.2. The Webster torsion, the curvature tensor and the structure equations. 
Lemma 2.1. (cf. Lemma 1 in [3|J The Webster torsion has following properties: 

t *(T) = 0; t*T( 1j0 )MCT( 0j1 )M; t*T( 01 ) MCT( 10 )M. 

By Lemma 12.11 we can write T*(W a ) = A^Wg. Set r“ := A'gQP. So by (11.41) . with respect to 
{Wj}, we have 

Tor(X, X) = 2 Re(iA a0 X a XPj = iA a gX Q XP - iA^gX^X^, (2.13) 


for any X = X a W a <E T^M. 
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The components of the curvature tensor R(X, Y ) = V.yVy — VyVx — V[x,y] is given 
by R(Wk, W[ ) Wj = R- s kl W s . The Ricci tensor is given by 

Ric(Y, Z ) = tracejX —> R(X, Z)Y}, 

for any X, Y, Z € TM (cf. p. 299 in [ 3 J). And the scalar curvature is R = trace(Ric). With 
respect to a jd 1 >°)M -frame, R a p = R^ (of- (53) in HD- The scalar curvature is R = h a PR a p. 

Proposition 2.5. (cf. (13), (If) and (39) in \Y{) With respect to a local orthonormal 
frame {Wj}, we have the following structure equations: 

dO = -2 ih a p6 a A 0? = -2iO a A 0 & , 

dd a = 6 b A + 9 A r“ = 6 b A + A^d A 0?, 

du b a -u c a A u b c = R b ^9 x A r + l -R b ^e x A r + l -R b - Xj A r + V a r - R b xo e a e x 
R(x, y)W a = 2 (dw b a - A w b ) (X, Y)W b . 

(2.14) 

Here following [4J we use the following definition for exterior product and exterior derivatives 
* A 1>(X, Y) = \ (t{XW(Y) - iKXMY)) , 

2(d*j>)(X,Y) = X{</>(Y)) - Y(4>(X)) - <f>{[X,Y]) = (X x f>)Y - (X Y <t>)X + f(r(X,Y)), 

for any 1-form cf and f). The second identity in (12.141) follows from the orthonormality of { W n }. 

Corollary 2.1. With respect to a local orthonormal T M-frame {Wj}, set J ab = h ac J c b ■ We 

have 


R a b c d = W c T b da -W d T b ca -W cd T b eo 


, pe -rib _ pe 
' x dr. p.n. 1 r 


po j_ pe po 

i 1 de ' 1 da L c 


+ 2T 0 J cd . 


(2.16) 


Proof. Note that h(W a , JW b ) = h(W a , J c b W c ) = h ac J c b = Jab■ By (12.11) and the last identity in 
(12.141) . we have 

R b cd = 2 (du b )(W c , W d ) - 2u>Z A u b (W c , W d ) 

= (VwA)(W d ) - (VwA)(Wc) + u b a(r(W c , W d )) - W ca T b de + W da T b ce 

= w c r b da - w d r b ca - u b (x Wc w d ) + u b a (y Wd w c ) + u b (2h(w c , Jw d )T) - W ca r b de + iVt 

= W c T b da - W d T b ca - T e cd T b ea + T dc T b ea - F e ca T de + T e da T b ce + Ka Jcd- 


□ 


Proposition 2.6. For the components of the curvature tensor, we have the following commu¬ 
tation relations: 

D_ __ T3 D _ _ _ 74) _ D _ _ D _ _ 

rL a(3'yfi Jri a(3fi / y^ Jri a/3'yfi 

and their conjugation with respect to a local orthonormal T 1 ! 1 ’ 0 ) M-frame {Wj}. 


(2.17) 






FEIFAN WU AND WEI WANG 


Proof. The first identity in (12.171) follows directly by the definition of the curvature tensor. For 
the last one in (12.171) , we refer to Corollary 1 in [1] . For the second identity in (12.171) , note that 
Vh = 0 implies Xh(Y, Z) = /i(Vxb Z ) + h(Y. V x Z) and h a b are constants. Then 

R aB~ni = h{y w ^w p W a -V Wp Vw 7 W a - V[ WitWfl ]W a ,Wp) 

= w y (h(v Wfl w a ,Wp)\ - h(v WlJ w a .y Wi \Vp) - wJh(v Wl w a ,w^j 

+ h(y Wy W a , VwpWp) - [W 7 , Wp}{h(W a , Wp)) + h(W a , V [w ^Wp) 

= W^Wn{h a p) - W^(h(W a ,V Wli Wp)) - Wn{h(W a ,Vw 7 W $ )) 

+ h(w a y w y Wl Wp) - WpW^htf) + w p (h(w a y Wy Wp)) 

+ w 1 {h{w a y w -wp)) - h(w a ,v w y Wn w-p) - [w^Wp\{h a p) + h(w a y [WM Wp) 
= h{w a y Wf y Wl Wp) - h(yv a y w ywpWp) + h(w a ,X[ W ^ iW -]Wp) = -Rp ain . 

□ 

Remark 2.3. By Remark 12.11 for the complex extension, it’s easy to see that under the complex 
conjugation, the Riemannian metric h, the almost complex structure J, the TWT connection 
V, the torsion tensor A, the curvature tensor R and the Tanno tensor Q are preserved, i.e., 

h(Z\, Z 2 ) = h(Zi, Z 2 ), JZi = JZi, V Zl Z 2 = V^Z 2 , 

r(Z 1 ,Z 2 ) = r(ZT,^), R(Z 1 ,Z 2 )Z 3 = R(Z^,Z^, Q(Z U Z 2 ) = Q(Zf,Z^), 

for any Z\.Z 2 . Z 3 £ C HM. The complex conjugation can be reflected in the indices of the 

components of co b , h a b , J b a , A a b, R a bcd and their covariant derivatives, e.g., 

p p jp 7 p t—~ 7 

Ua — W ai J a — J on ^aP — h a p- 

3. The second- and third-order covariant derivatives and their commutation 

FORMULAE 

3.1. The second- and third-order covariant derivatives. The second-order covariant de¬ 
rivative of u is defined as 

V 2 u(X,T) := X{Yu) - (VxY)u, u jk := V 2 u(Wj,W k ), (3.1) 

for any vector helds X, Y, and the third-order covariant derivative of u is defined as 

v 3 u(x, y, z) = (v a -v 2 u) (y, z) = xy 2 u (Y , z)) - x 2 u y x Y, z) - v 2 u(y, v x z), 

u jkl :=V 3 u(Wj,W k ,Wi). (3.2) 

for any vector helds X, Y, Z. By (ED, for the second-order covariant derivative, we have 
u jk = V 2 u(W j: W k ) = WjW k u - y Wj W k )u = Wj(u k ) - T l jkUl . 

In particular, by the vanishing of connection coefficients in (12.71) we get 

u aX = x 2 u{w a , Wx) = w a (ux) - r^up - ri x up = w Q (u x ) - r^up + \Q\yp , 

u a\ = W a (ui) - r ^Up, 

U a0 — W a (uo), Uq a — T'('lt Q .) Y^ a Up. 


(3.3) 
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In the following, the vanishing of connection coefficients in (12.71) . especially, 

p7 _ p7 _ n 
1 a? ~ L a /3 ~ U ’ 

will be used frequently. By (13.21) . for the third-order covariant derivative, we have 

^abc If'aC'W&c) h ab^dc ^ac^bd' 

In particular, by (12.71) . we have 

Uafj'y = W a (up^) — r a/3 u vi — 

^ a/3 7 f^a(^/3 7 ) ^<7/70'7 ■ 


U 


U 


ap 7 = W a{u^) ~ r£gU A7 - ~ T 

ap 1 = — r ^ A7 — r^u^. 


(3.4) 


Remark 3.1. (1) In (13.31) and (|3.4D . we have used = 0, F~T = 0 and T 2^ = — repeatedly. 

(2) The complex conjugation can also be reflected in the indices of the components of any- 
order covariant derivative of a real function u, e.g. uffjj = u^p, u a p'y = «^ 7 . 


3.2. The sub-Laplacian. On a contact Riemannian manifold M, with respect to a local 
T (1 ’°)M-frame {Wj}, we define the sub-Laplacian operator as 

A b u = u a a + u "j, 

for ri € Cjj°(M). Furthermore, if {Rj} is an orthonormal frame, we have 

A b U — U a a T 'Uaa- (3-5) 

For any functions u £ Cq°(M ) and v£C°°(M ), we define the L 2 inner product (•, •) as 

(u,v) = / uvdV. (3.6) 

J M 

For any vector field X, X* is called the formal adjoint of X if (Xu, v ) = (u, X*v ) for u, v£Cjj°M. 
And A b is hypoelliptic and by a result of [21] has a discrete spectrum 


0 < Ai < a 2 < • • • < T + 00 . 


Lemma 3.1. We have 


w* = -w a + r^, w? = -w a + r* 0 , ary = it. (3.7) 

Proof. By (I2.14D . we have 

d6 n = (-2 i0 a A 0 & ) n = (~2) n i n n\6 l A 6 l A • • • A 0 n A 0” 

= (-2) n i n n!(-l) n(n “ 1) / 2 0 1 A 0 2 A • • • A A 9 l A • • • A 0 ft 
= (-2) n 2 ri2 n!0 1 A 0 2 A • • • A 9 n A 0 1 A • • • A 0 fl . 

So the volume form is 

dV := 0Ad0 n = (-2) n i n2 n!0 A 0 1 A 0 2 A ■ • • A 9 n A 0 l A • • • A 0 n . 


(3.8) 
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For any vector field X and u E Cg°(M), we get 


[ XuvdV = [ 

Jm Jm 


XuvdV = / vduAixdV = — 


udvAixdV — / uvd(ixdV) + / d(uvixdV ) 

Jm Jm 

= — I uXvdV — / uvd(ixdV), (3-9) 

Jm Jm 

by Stokes’ formula and 0 = f M ix{vdu A dV) = f M vXudV — J M vduAixdV. It follows from the 
structure equation (12.141) that 

de 13 = e^ aujP + 9^ au? = r^ Ad^ + r^ A6^ + r^ Ad^ + r^ ao* 1 , mod d. ( 3 . 10 ) 

Applying (13.81) and (13.101) . we get 


d{i Wa dV) = (—2 ) n i n ra!d^(-l)“0 A d 1 A ■ ■ ■ A d a A ■ ■ ■ A d n A ■ ■ ■ A d T ‘ 

= (-l) Q (-2 ) n i n \\ ( ^(-1)^0 A d 1 A ■ ■ ■ A dd? A • • • A d^ A • • • A d n A ■ ■ ■ A d r ~ 

' /3<a 

+ (-l) /3_1 ^ A d 1 A ■ ■ ■ A d* ■ ■ ■ A dJd P A ■ ■ ■ A d n A ■ ■ ■ A 0” 

fi>OL 
n 

+ ^(-l) n+/J_1 6» A d 1 A ■ ■ ■ A 0" • • • A d n A ■ ■ ■ A dd& A ■ ■ ■ A i 
4=1 

= (-2 yv\\ ( - + rg o - rj, + rj^ « a e 1 a • • • a <r 

= ( - C + 'lo-rfj + ij„)<iv = rj„dv. 


■^4 _i_p4_ . 
c*4 a4 

and veC°°(M), apply (13.91) with A = W a to get 


The last identity holds because F^+FjA = 0 by (12.111) and r| Q = 0 by (|2.7D . For any ueCq°(M) 


(W a u,v)= [ W Q uvdV = — f uW a vdV — [ uvd(i Wa dV) = [ u(-W a v-T f l a v)dV 
Jm Jm Jm Jm p 


j M u{- w a v + r^v)dv =L,(^-Wa + r|^ uj, 


(3.11) 


by r^ Q = — in (|2.11l) . The first identity in (13.71) holds. The second identity in (13.71) follows 
from taking conjugation. 

By the structure equation (12.141) . dd a doesn’t contain d A d a terms and dd a doesn’t contain 
d A d a terms. So 


d(i T dV) = (-2 ) n i n *n\d( d 1 A d 2 A ■■■ A d n A d 1 A ■■■ A d n ) = 0. 
Apply (13.91) with X = T to get 


(3.12) 


( iTu,v ) =i TuvdV = —i I uTvdV = ( u,iTv ). 

Jm Jm 


( iT )* = iT follows. 


□ 
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Corollary 3 . 1 . With respect to an orthonormal T^’^M-frame { W 3 }, we have 

(A b U, v) = - ^(UaiVa) + (Ua,V a ), 
a 

for ueC^(M) and veC°°(M) 

Proof. By the definition of A;,, we get 

(A b U, V) = y^fUgg + U a a, v) = ^ ( W s U a - T^ a Up,V j + ( W a Ua ~ T^Up, 

= + (lla, W*V^j - (t^U^V 


^ ^a) “1“ ( ^ fifjp j ^ Y aoiUp, V j (^-a? V a ) + ^ IXq,, J 

a,/3 ' 

y2(u a ,V a ) + (Ua,Va)- 


T aa u p, v 


□ 


Corollary 3.2. 

(A bu) a = U a/3 p + U a pp. (3.13) 

Proof. By (13.41) and Corollary 13.11 we get 

U aW+ U aW = W a {upp) - T^pUrf - V~ Upp + W a ( U pp) - I '^Upp ~ ~ 

= W a (upp +Upp)- (r^pU^p + B ap U PfiJ ~ ( I 'ap U i 1 l 3 + _ ( T % U p.P + 

= W a {Upp + Upp) = (A b u) a , 

by the first two identities in (12.111) . □ 

3.3. The commutation formulae. 

Proposition 3.1. For the second-order covariant derivatives of a function u, we have the fol¬ 
lowing commutation formulae. 


u ij ~ Uji = -r(Wj, Wj)u. 


Proof. By the definition (13. 1 1) . we get u t j — u 3l = WiWjU — VwiWjU — WjWiU + V w :j W t u = 
-{y Wi Wj - V Wj Wi - [Wi, Wj])u = -t{W 1 , Wj)u. □ 

In particular, Proposition 13.11 and (12.11) implies that 

%3 - u /3a = Wp)u = -2dd(W a , Wp)Tu = 2ih a pU 0 , 

Hap Hp a , (3.14) 

U 0a ~ U Q o = —t(T, W a ) = —A^Up. 

Following Proposition 9.2 and 9.3 in [4] in the pseudohermitian case, we call the relations between 
the third-order covariant derivatives of functions u a bc and u ac b the inner commutation formulae 
and the relations between u a b c and Ub ac the outer commutation formulae. 
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Proposition 3.2. (1) We have the inner commutation formulae 


^cry/3 j 

^‘ap'y ^cry/3 “Zih^UaQ. 
(2) We have the outer commutation formulae 


(3.15) 


u 


frya — ^ 7 pa ^ihrypUfta + UpR a otr( i pU > fh 


UfTfCi — U'ypa + 2ilA^h ap A^ph a ^\uf) ^^pj3,a U h 


(3.16) 


Proof. (1) The first identity of (13.151) follows directly from the second identity in 
u a p = up a in (13.141) . 

Taking conjugation of the fourth identity in (13.41) . we get 


and 


^Q7 fj W a {u ip ) T al U^ r a p'U"YU' 

So by (12.111) . (13.41) and (|3.14j) . we get 

^a /37 — ^£*(^ 87 ) ^aP^hl cry 73 U ^cr7/3g 

= Wa (u y p - 2ih^u 0 ^J - rW (u^ - 2ih 1 pu^j - T^ (u^ - 2ih^u^j - 

= w a (urf) - r- 2 i(h y pW a {u 0 ) - r^«o - rf 7 u 0 ^ 

= u ai p ~ 2ih 1 pU a0 . (3.17) 

The second identity of ([3.151) is proved. 

(2) For the first identity in (|3.16p . note that 

du a = (Wpu a )6 p + (WpU a )OP + T{u a )6 

= a + ^p a u P — 7 jQa/ 3 U i^J ^ + ( u j 3 a + + ( u 0 a + ^Oa u p)^ (3.18) 

= Uf 3 a d /3 + Up a dP + U 0a 6 + UpU}P - T^QapUpd 13 

by using (13.31) and c= Fg a 0^ + T ^ a O l8 + Tq q 6(. Taking exterior differentiation on both sides of 
(13.181) . we get 

0 = dup a A 9^ + dup a A 9^ + duQ a A 0 + up a dd )3 + up a dQ^ + uo a dd 

+ dup A + updujP - l -d{Q p a pUp) Ad 13 - ^Q^pUpdO 15 . (3.19) 
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Note that 

du Pa = W 1 (up a )0 1 + Wy(up a )e^ + T(up a )0, 

^ a = T^ + Y^ a e\ mod 0, 

do? = 8 t aw^ + ^aw^ = r£ 7 6> 7 a d a + rf 7 d 7 a e a = rf 7 6 > 7 a e p + r^0 7 a 0 p , mod 0, 0 7 a 0 p , 

c# = fAwj + ^Awf = rf 7 6> 7 A r + T^d 7 A 0 a = -T^fl 7 A 0 P + a 0* mod 0, 0 7 A 0 P , 

<**>£ = < a ^ < a ^ a _0 a a 0* + ^ A / a r 

= Y p a Y^ A 0 P + T0 a Y^ /\0 P + Y p a Y^ A 0 ^ + R a \- p 0^ A ^ 

+ r(( a rf M 0 7 a e p + \r£ Tp 0 ^ a 0 p , mod 0, 0 7 a 0 p , 

(3.20) 

by (12.141) and = 0 in (12.71) . Substituting (13.201) to the corresponding terms in (13.191) and 
comparing the coefficients of 0 7 A 0 P , we get 

0 — ^YpUry a -)- W^Upa + up a Ypry up a Y^ p ‘2ih^ p uo a + Wiy {up'jY pa Wp{up)Y^ a 

+ up (rJ! iP + ri; Q r^ - i%r^ + r'; a r^ + l -w p (q^u^ - 1 -Q%u p y% 

— WpUny a + WrylLpOt V'/3 qJ-' pry ^ (3 Oi^ ^ih^ipli Oq; ~\~ UpR a ryp 

+ (w^up)Y^ - UpY p ^ pa + l -u P Q%Y^ - l -u-p,Q%YP a - (w p (up)Y^ a - u^Y^j 
- l -u p Q^Y% + l -W p - l -Q%u-pY (3.21) 
Substitute 

'i ~ 

Wy( U p) — Y^Up + TjQpryUp = UryP, Wp(ll ft) ~ Y^Up = Upfi, 

by (13.31) . into two brackets in (13.211) to get 


0 - WpUrya + Vhiy'UpQ UpfyY^ U^^^p 2Z/i-y pUQ a + UpRfy 7 p + UrypYp a UppY^ a 

- \upQ%Y% - l -Q%u-pYl a + -WpiQi^Up + '-Qi^W-pUp) - % -Q%UpY^ 


— ( YVpUya + Yp^Up a + Yp a Uyp j + I W^Upa Up a Y^ p U p pY^ a + QayUpp 


^Qa-yUpp. Zih^pUOa + UpR a ^ p + Qa'y ( W p Up Yp^Up YppUp 


+ 1 ( W f Qf - Vl a Q» - Ti <?. + Pi-O 


P Ko col') 


<0 


payip'i *- (Ti'Va.p 


— Up^/a T Ury pa ‘lih’ypUOct + UpR a 7 p + ^Qa'y,pUpi 


^ nP 


Pp^ a 7 


by (12.101) . (13.31) and (13.41) . The first identity of (13.161) holds. 
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To prove the second identity in (13.161) . we consider the components of 9 1 A 9 P in (I3.19P to get 
0 = (w^up a + up a F~y + Up a T^ + upT^Tpp + -upRjt^p + W^upTp a — ^pQap^F?) 0 1 A 9 P 

= (^W*jUp a — upoX^p — up a T^p ~ u pfX^a T —it/j-Rof — 2 u P^a^P^j ^ ^ 

= (v-ipa + ^/3-Rcfyp + A 9 P , 


W^upTp a + upT^pp jd 1 A 0 P = ( — W^T^ + UpT^T9 a W 1 A 9 P = -u- p pT^ A 9 P , 


by using (13.31) . Equivalently, we have 

0 = U^p a — Up^ a + -upR a ^p — —upR^ pp + — u pQ^ap{Qpp ~ Qpj) 


— u "fpa u p"/a T u pRa 7 p T a pQpp U P — U 1 P a u p^a T UpR a a pQpp u pi 

by (12.111) . This together with R^ pp = 2 i(A^h a p — Aph a p) — ^h^ a h\^Qp aa (cf. (43) in [4]) 
implies the second identity in (13.161) . □ 

Remark 3.2. Note that when Q = 0, the commutative formulae (|3.16l) is the same as Proposition 
9.2 in [4] in pseudohermitian case. 


4. The Bochner-type formula 

By definition, we have (V^u)“ = h(Vnu,Wa) = W^u = Ua for any u£Cq°(M). Thus 
V 77 n = (V Hu) a W a + (V Hu) a Wa = UaW a + u a Wa- Consequently, we have d b u = u^Wa and 
\\d b u\\ 2 = \\u- x W x \\ 2 = u\u~ x . 

Theorem 4.1. Under an orthonormal T^ 1 ’ 0 ) M-frame, the Bochner-type formula holds in the 
following form: 

A b (||< 9 H| 2 ) = 2 (, u <x\ u a\ + u aX U a\) + 4 i{u a U 0 a ~ UaU 0a ) 

+ 2 ni{A Bi pU a Up - A a pUaUp) + 2 R a pUaUp + U a (A b u)a + Ua(A b u) a 

+ i ( K Qlp,-y U °‘ U P - Ql.[),l U * U $) - \Q P al Q% u ^ u t 3- (4- 1 ) 

To prove it, we need a lemma. 

Lemma 4.1. For any u£Cfi°(M), 

A 6 (||«9H| 2 ) = Si + S 2 , (4.2) 

where Si = 2(u a xu dlX + u aX Ua\), S 2 = u x u adl \ + u\u aBlX + u^u^x + u x Ua a \. 

Proof. We claim that 

(||<9H| 2 ) qS = u a\ u a\ + U aX UaX + U x U a5l \ + U X U a ^. (4.3) 

Then (14.21) follows directly by taking summation of (14.31) and its conjugation. 
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By (12.111) . we have 

T i\ U 0 U X + x u * u $ = ~ rX a p U P U \ + V ix U * U B = °» 
and r = -T^upu x = -T^ aX upu x . Thus, T ^ x upu x = 0. So by (03D, we get 
W a (\\ d b u \\ 2 ) = W a ( u x ) u x + u x W a ( u x ) 

= ( Uax + T P aX up + r ' l x Up ) u- x + u x ( u aX + T^up I = u aX u x + u x u aX . (4.4) 


Then taking conjugation of (14. 4p . we get Wa(\\d b u\\ 2 ) = u^ux + u x UaX- So 

{\\d b u\\ 2 ) a . = WM\\d b u\\ 2 ) - 

= W a (u^ x U X + U x Ua a) - T la{u^ x U X + U^ X U~ X ) 


= W a (u X )u^ x + W a {u x )Ua A + W a (« ax ) - TlaU^ )u X + W a (u sX ) - \ u~ x 


= ( u aX + r„ A n 7 + Tl x u^ ) U^ x + ( U a - X + T l~ x U^ ) UaX 


+ ( U actX + ) U A + ( w aoA + T nX U al + P nX U, 


aX a l 


— 'U'a\'U j a\ 'U j a\'U j Qi\ ^X^aaX ^ ^X^^aX 


+ T aX U l U a.X + T aX U X U °-1 + T a X U i U a.X + T a X U X^i + + T 


where we have used (13.31) and (13.41) . The result follows from 

T lx U "/ U aX + T l x uxu m = ~T^ u l u aX + T^UxUaj = 0, 
and similarly, x + Tl x u x u^ = 0 , T^u^UaX + ^aX 11 ^^ = 0 by ( 12 . 111 ) . □ 

(14.21) coincides with (9.34) in [ITT] in the pseudohermitian case. 


Proof of theoren \4fl\ Note that by (13.131) . we have (A b u) c = u ca a +u C aa■ We hope to express 
third-order covariant derivatives in (14.21) in terms of (A b u) c . To do so, we apply inner and outer 
commutation formulae to (14.21) to express u aSlb and u^ab in terms of u ba a and u bSia , respectively. 
By (13.151) . we have the following inner commutation formulae. 

V'aaX 'U’ctXa 2i/l A Q,'U Q ,0; ^aaX ^ aXa > 

^aaX — ^aXa T 2ih aX Ua Q, UaaX — H aXa■ 


So S 2 in (14.21) becomes 

S 2 = U x (u aX a - 2ih Xdl U a0 ) + U X U aX a + MA(w«Aa + ^h aX Ua 0 ) + U^UnXa 

= U x U aX a + U X U aXdL + U X U aXa + U x UaXa ~ 2iUaUQ a + 2 lU a U m - 2 iA^UaUfi + 2iA%u a up, 

(4.5) 
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by u a o = uo a + AaUg, Uao = UQa + A^up in (13.141) . The outer commutation formulae (13.161) for 
p = a can be written as 

X - 

'U'czXa = U Xdiot. 2i?ioA “1“ ~^Q /3X 

\ ! _ (4.6) 

U aXa = U Xact + 2 ^( n ~ ^)ApUp + -^Q x p a Up ~ ^otpQdip U P-- 

by Ol a, a = -Qpx,s in <EHH> and 

R a Xa = h^RajlXa = R a j3Xce = R paaX = A = R aaXj3 = R Xotap = R Xap = R Xj3i (4-7) 

by using Proposition 12.61 repeatedly. Taking conjugation of (14.6|) and noting that R, X p = R-^^p = 
R \aap = R px by (EZD, we get 

u aXa = u Xaa + 2 * U 0X + R PX U B + o^fx 

• x _ (4-8) 

UaXa = U\aa — 2i{jl — ljA^U^ — — Q\p t ot U p ~ apiQ^p 11 ^- 
Substitute (14.61) and (14.8|> to (14.51) to get 

S 2 = U~ x U X aa ~ ~ l)A^U~ x Up - ^Q X p A U X U P ~ \QapQap u H u A 

+ u xu Xa5l + 2iu x u 0 - x + Rp X u x up + -Qf Ko u x up 

+ u XU~Xaa + 2i ( n - l)A'- x U X Up + ^Qfp^UxUp - jQ P pQ^p u XUp 

% - 

+ U\U X aa - 2iu x UQ X + R X pUpU x - ~Qp X ^UpU x 

- 2iuaU 0a + 2iu a u 0 a - 2iA^UaUp + 2iA^u a up 
= U X (A b u) x + U x (A b u) X + Ai(u a UQa ~ UaU 0a ) + 2ni(A dl pU a Up - A a pUaUp) + 2R a pUaUp 

+ 'i , Q\p ) a U X u P ~ ^Qxp,a u x u p ~ ljQ~ b ipQxp l A u p- (4-9) 

The last identity follows from u x u Xadi +u x u Xdia = u x (A b u) x by (|3.13l) . A& = h 1 ^A ai = A a p and 
Q^p a = — Q^/a in (12. IIP Substituting (14.91) to (14.21) . we get (14.11) . 

Remark 4.1. When Q = 0, the Bochner-type formula (14.11) is the same as the pseudohermitian 
case (see (9.36) in |1D] or Theorem 6 in [19]). 

5 . TWO USEFUL IDENTITIES 

We need the following lemma to handle the second bracket in the Bochner type formula (14.IP 
Lemma 5.1. For any u € Cq°(M), we have 

j HO a^a)dV —— j ^UotpU^p U a pU^p R a pUaUp p^Q^p ^U a llp 

i - l _ _ \ 

4” ~2^ad,p U ’X U P ~ 7^Qa'yQ P pp U a u p + Qa-yQ'pp U a u P J dV, (5.1) 
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and 


/ i(u 0 aU a -U 0a Ua)dV 
Jm 


mV n 


E 


Uryry 


+ — ( Afeit ) 2 + iA aj3 UaUp - iA^pUaUp j dV. (5.2) 


Remark 5.1. (15.11) and (15.21) are the same as the corresponding identities in the pseudohermitian 
case when Q = 0 (cf. Lemma 9.1 in |10| or Lemma 4 and Lemma 5 in [13]). 


5.1. The Proof of (15.11) . By definition we have 

/ u Q pu^gdV = y2(u a p,u a p) = S'] \u a p,W a (up) 

JM a ,, a V 


^1/3^7 ^'a/3 U 'y 


a,P,7 


a,0 ' ' ' 

^ ^ I BVj ( -^a/3^7 ^a/3^7 ) "b ^ 77 ^a/3 1 X 0 . 7 ) ^P J ( B^y^crp ^ 


«,P,7 


(5.3) 


by d23I) and Lemma [TU Apply [Wa,_W a ] = Vty a W a - Vw a Wa - T(Wa,W a ) = rJ a W 7 - 
r^W 7 — 2h(Wa, JW a )T = r^ a W 7 — r)E W 7 — 2 i5 aBl T to (15.31) to get that f M u a pu^pdV equals 
to 

-^2(W a Wa{up),up) +2ni^2(T(up), u p) + ^2 [ -Y^W^up) + T 1 a6l W^(up) 


a,P 


+ W a ( TlpUr, + TlpUr, 


a, 0,1 


+ ^jjU a p Y a yU a -y,up I y ( (T a ^u ai , Up) 


“,p,7 


22 \ Wa{uap + T~LpU 1 ),up \ + 2ni 22 {T(up),up) 
<*,P V J P 


a, 0,J 


+ E - + r^M + ^(r^)w 7 + r IpW^) + + r IpW^) 


H“ r^/y'W-cK/S 'U'fi j ^ ^ (^cry^crp ^ 3 ) 


“,P,7 


y~l (VLq^ap),ttp) (w^aCB^g)^, up) y^ (r^rtoT, + + r^r^ 7 ?ip, np) 

a,p a,P,7 «,/3,7,P 


“,P,7.P 


+ 2m y^ {r(up),up) + yy | — r^ Q (ri 7( g + ttp + «p) + r^ s (t( 7/ 3 + r^«p) + ^(r^) 

P 


T bLa(L Q ,^)u 7 T B a ^(u Q7 T r Q7 Up) + B Q ^(itQ, 7 T r a7 Up T r a7 Up) T r 77 u a p r a7 u a7 , up 
— y ' (r^ 7 u a7 ,u^) 

a,P,7 


yy (w a (uap),up) +2nz yy (r(up),up) +si+s 2 +s 3 , 

a,/3 P 


(5.4) 
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by using (13.311 repeatedly, where Si, S 2 and S 3 denote the summation of terms of type (*u p ,up), 
( *up,up ) and (*u a b,u c ) respectively. We see that 


Ei= S (( w « r L - w « r af ~ r In r ay + ~ r Jo r ^ + rj 5 r^ + rj^rj,)u p , 

<*,P,1,P V 

= ( R ff aa U P > u fi) ~ 2ni ( r 0/3 U P’ U fi) ’ 

P,P 


(5.5) 


by 


V*. = W’S* - + r a« r ^ - + r^rg 7 + + 2 mr^, ( 5 . 6 ) 

by (I2.16I1 . rW = 0 in (12.711 and J„ Q = E h(Wa, JW a ) = i E = ni ; and 

^ a a 


a,0,l,p 


a,p,p 


(5.7) 


by E (Qpa,a U P’ U p) = !m Q P pa,a U P U 0 dV = ~ Im Qpa,a u P u 0 dV = - E (Qp a ,ci U P’ U /?) b Y (EH]); 

a„3,p a,/3,p 

and 

S 3 — ^ ' f b'jj^'licry b'Q Q ,'lt'y ( g + "b ~b -ba^Hcry) U/3 

a, 0,1 ^ 

— (b§7' u a7: u p) 

a,13,1 

= Y^ 2 lxa u i 0 + E*/3 U “7> M /9) "b (-^0/3^07’ 11 /?) — ’ u ^) ’ 


(5.8) 


a,/3,i 

by using ( 12 . 111 ) . We also have 


a, I3,i 


a, 13,1 


y 7 (yv a (u ol / 3 '), U/ 3 ) — y 7 ( 'u a / 3 , — y 7 f 3 L a p, w a ^u^ T^up 


a,(3 


a,0 


a,(3 


^ ^ (^a/3? ^a/ 3 ) ^ ^ ( 'Map: ^a/3 ^7 -^ 77^/3 j ^ ^ (^o:/3? ^a/3) “ 1 “ ^4 

a,/3 cx,/3 ,7 ^ ' Q!,/3 

P 


by Lemma 13.11 and (13.31) . where S 4 = E (r^Mcry — r^n^,?/^); and 


a,(3,1 


Y (T(u a ),u a ) - Y ( r 0 a u pi u a) = Y( U ° a ’ Ua )- 


(5.9) 


(5.10) 


a,p 


holds by (13.31) . Note that the first summation in the right hand side of ()5.81) is exactly —S 4 by 
(12.111) . Now substituting (I5.5I) - (I5.10I) to (15.41) . we get f M u a pu^pdV equals to 

Y ( U af3,Ua0) +2 n%Y { u Oa,U a ) - Y { R a0 U 0i u a) ~ ^2 { T i-y u ai,Up) ~ Y { T ii U ai,Up) , 
a,/3 & a,(3 a,/3,p o;,/3,p 
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by using ( 12 . 111 ) for Y ( r I/ 3 M crp up) = - Y (r^ 7 rt a7 , up) and by 02.171) and (J2Z3) for R^ a = 

a,/5,7 a,/3,/9 


qq/ R(3paa RoLpfia R a ^/3p* So we 


'[ 


U 0a UadV = 

M 2 n 


-! 
'n Jm 


^ j cx,/3^ J cy^ H - j dV, 


The sum of this identity and its conjugation gives 
i / UOaUadV — i UQaUadV 

Jm Jm 


= ~ [ ( u a p u <ip - u a/ 3 U dl p ~ R a pUaUp - T^U^Ug ~ F^U aJ Up) dV. (5.11) 
n Jm \ J 

The result follows. 

Comparing with the pseudohermitian case (cf. (9.37) in [HO]), the integral formula (15.111) 

has the extra term f M ^F^Ua^Up + T J^u ai up \ dV, which is zero by T ^ 7 = — |Q 7 q = 0 in the 

pseudohermitian case. Note that this extra term is the integral involving second-order covari¬ 
ant derivatives. We can transform them into the integral only involving first-order covariant 
derivatives via integration by parts in the following lemma. 

Lemma 5.2. 


1 M 


T Q^UfyryUi 


pdV = [ 

J A 


i i i 

^2^7 0,a U l U d fo ~^Qa'yQ P p^ u 6i u l3 ~~ ~^Qa.'yQ'fip U 6t u P ) dV. 


(5.12) 


Proof. By (13.31) . (13.111) and ([3.141) . we have 

T^U al UpdV = ]- / Q^UajUpdV = 7, I Q^a u io.updV 

1 Jm 1 Jm 


im 


■ a7 i 


' m 


’M 


J M 


WjU a F p a u p T ^Q^ryiip j Q^jyUpdV 


u a {-W 1 + Tlp){Q^up) + g)dV 

1/3 ... nP 


- W 1 (Qj /dl )u a up - Q? a u a Wj(up) + T%Q? s u a u p + S\dV 


W 7 (Q 7Q .)'Ua'u ( 9 Qry a u a ^Ury^ T F ^ p ^ Q p J T T ppQ ia u a up -\- § j dV, 

where S’ = -T p a Q^a u P u p + ^Q^Q^a u p u p = ^pQ^a u p u p + ^Qa 1 Qpa u i3 u p by (12.111) . By 

2 Q^a Ur yP = Q^/a u ^/P ~ Q0a U P^ = 


1/3 


-7 w3 


by (12.11|) and (13.141) . it equals to 

Um{~ WlQ ^ ~ F ^ pQ ^ + T ^ Q0p " + T ^ Q ^) UaUpdV - I j M + Q P7 Q Pp) UaU P dV 

2 j Q^/a^^oi^pdV “ j (^Qp'yQ^ot T Q^ryQ^/jj U a UpdV. 

Then (15.121) follows from the last identity, Q{L = Q^p — Qf~ and Q^ a = —Q^a in (12.111) . □ 

Substituting (15.121) and its conjugation to (15.111) . we get (15.11) . 
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5.2. The proof of (15.21) . Note that 

/ (A b u) 2 dV = ( Y' U a a + Ua a \dV= ^(UqqUgg + U adl Ufip + UaaUpp + Ua a Upp)dV 

J M J M \ n J J M ~o 


a.,/3 


I (2 ^ ] (^aa “1“ 2i/l aa 'Uo)'^ / 5 / $ 

J M \ ~ « a,/3 


cx cx,/3 

2 


= / 4 V ri Q a + 2ni'S^(uQU a a - U 0 Uaa) ) dV. 

J M V a a / 

On the other hand, we have 


(5.13) 


IM 


^^o(^aa 'U' aa )dV — ^ ^ (^0? ^QQ! ^cxcx) — ^ ^ (^0? ^q(^g) -^cxcx^7 ^cx(^cx) “1“ -^cxcx^y) 


a ,7 


: J] (W^O, W a ) - J] (r^a^O, W7) - (W>0, «fi) + ( r 2a^0, ^7) 

a a,7 ex a,7 

: X«( W o),X +X ( r 77 U °’ U ") “ ( r aa«0,w 7 ) 

cx cx,7 

+ X - X ( r ? 7 W 0 , Ua) + (isa^O, « 7 ) 

cx a,7 

: ~ X (W*M,U a ) + X (Wa{uo),Ua) = ~ X { u »0, u a) + X ( W “° ! X 

CX cx cx cx 

: - X ( U ° a + A <*P u p, u a) + X ( M °« + A aP u P> U ») 


cx ,(3 


a,/3 


IM 


X { u a u 0a - UaU 0a )dV + / X { A a0 u aU/3 ~ A a pU & Up)dV. 

J M „ ,, 


a,/5 


Substitute this identity into (15.131) to get 

J A b u ) 2 - 4| X '“aal^ = 2 ni X J (^( u Q u 0 a ~ UaU 0a ) + {A^U a Up - A a pUaUp)^j dV, 


a,/3 


which is equivalent to (15.21) . 

6. The Proof of Theorem 11.11 
Lemma 6.1. For any u E Cq°(M), we have 

/ (u a (A b u)a + Ua(A b u) a )dV = - (A b u) 2 dV. 

JM V / JM 

Proof. By (13.131) . (13.61) and Lemma [Til we get 

J Ua{A b u) a dV = J W a (A b u)uadV = (W a (A b u),u a ) = ^A 6 rt, ^ - W„ + u a 

= (A b U, ~Wa(u a ) + T& a Up) = -(A b U, Uaa), 
by using (13.31) . The summation of this identity and its conjugation gives the result. 


□ 
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Note that 


IM 


(A b f)dV = 0, 


holds for any / G Apply / = ||<9f,tt|| 2 G to this identity for u G Cq°(M). By 

the Bochner-type formula S3 and Lemma EH we get 


0 / ( U a pU^p U a pU a p A t Pli(^A^pU a Up A a pU a Xlp') R a pU a Up 

JM \ 


1 l z ~ 1 — 

- ^bU) 2 + -QZfoUaUp - ^QlpfiUaUp - -^Q P ai Q P p-UaUp ) dV. 
Apply (15.11) and (15.21) to get 


( 6 . 1 ) 


i / {u a U 0 d - UaU 0a )dV = Ci ( U a U 0 d - UaU 0a )dV + (1 - C)i / (u a u 0 a - UaU 0a )dV 

Jm Jm Jm 

f (C C C 

' / ( ~ U a/5 u a/3 ~ — u ap u ap ~ ~dl a pUdUp 

C C - C - C - 

- 2n*^-S>7 UQM/3 + 2^^a/3,7' U “' U ^ ~~ ^QaiQ% U<r * U 0 + —Qa'yQ'p p u a u P 

_^ ^1 _ C 2 \ 

^2 u aa + (A b u)~ + (1 - C)iA a pu a up - (1 - tyiA^pUaUp j dV. ( 6 . 2 ) 

rv ' 


2(1 -C) 


n 


Substituting (16.21) to (16.11) . we get 


0 = 




2 C 


1 + — ) U aj3 Udl3 + ( 1 - — J UapU^p 


2 C 


n 


4(1 - C) 


n 


E 


Urvrv 


+ ~ 


\ + 1 (A h u) 2 + ^1 - R a pUd.up + i(n- 2(1 - C)^ (^A^u a up - A a pUdUp\ 


.(l C 


+ H 2 n ) ( Qa.p,' 1 UaU P Qa/ 3 ,>y U <x U pJ (4 + n J QajQp^ u a u P + n Qa^Qpp U a u P 


1 c 


2 C 


2C ) 1 _ 4(1—C) = 
n j n n 

(cf. p. 489 in [ 19] ). we get 


JdV. 

(6.3) 
2 


Let ( i + ^ = 0, i-e., C = ^ in (El- By using « Q ^a/J = £ \u a p\“ > -\ £u«a 

a,/3 Q! 


0 > 


/ 


2(n — 1) 


*P u aP 


n z - 1 


n(2n + 1 ) 

vr 


M 2n + 1 

77- — 1 \ 277- —J— 7 - 

+ “ QIm u « u p J - 

n 2 — 1 


/A , 2 2(n — 1) .2n 2 — 2 ( 

\A b u) + 0n+1 RofiWp + 1 2n 1 I A^pUaUp - A a pUdUp 


>M 


+ 

2 (n - 1 ) 


2n + 1 


*P u a/3 + 


n( 2 n + 1 ) 


8 n + 4 ai M 
Xiu(A b u) 


Q%Q\d u * u 0 \ dv 


2n + l^ a ^0P 


+ 


2 (n - 1 ) 
2 n + 1 


(m 


RapUdUp + i(n + l)(A^pu a up - A a0 UdUp) 

ni 






_\ 2n + 7 nP nP 
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for A b u = —Aitt. We use the following lemma to handle the second term in the right hand side. 

Lemma 6.2. 

-2 [ S"\ Ua \ 2 dV = [ u(A b u)dV. 

J M „ JM 

Proof. By Lemma 13.11 and (13.311 , we have 

/ 5 ~2\ u a\ 2 dV = y^XUq/Ug) = ^2(W a U,U a ) = y^Xu,W* u a) 

^ M a a a a 

= - ^(ll, Wa(u a )) + r 


a,fj 


^ u aa ) aa Uff) (u,TppUof) — ^ u aa). 


a,/3 


□ 


The summation of this identity and its conjugation gives the result. 

Let X = Uq.W a £ T (1 ’ 0) M. If (11.611 holds, by the definition of Ricci tensor, and Tor given by 
(12.131) and Q\, Q 2 , Q 3 given by (12.91) . we get 

R a pUaUp + i{n + l)(A a pU a up - A a/3 UaUp ) 


+ 2 Qa/3,*/ UaU l3) _ ^QoryQpj U aUp + ^ Qq^Q'J i ^UaUp>K ^ 




So by Lemma ITI721 (16.41) and (16.511 . we get 

2(n 2 — 1) 2(n — 1) 


0 > 


/ 

JM 


Ai + 


M \ n(2n + 1) 2n + 1 


^Kl 2 dv, 


(6.5) 

( 6 . 6 ) 


i.e. Ai > Theorem 11.21 is proved. 
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